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Abstract 

We classify the spherically symmetric solutions of the Einstein 
Maxwell Dilation field equations in Z?-dimensions and find some exact 
solutions of the string theory at all orders of the string tension param- 
eter. We also show the uniqueness of the black hole solutions of this 
theory in static axially symmetric spacetimes. 







1 Introduction 



Recently we observe an increase of interest in constructing exact solutions 



of string theory |jT[-|2J]. There are several ways of such a construction [0]. 
One of these is to start with an exact solution of the leading order field 
equations (low energy limit of string theory) and showing that this solution 
solves also the string equations at all orders of the inverse power of the string 
tension parameter. Plane wave spacetimes with appropriate gauge and scalar 
fields have been shown to be exact solutions of the string theory 0-0]. In 
these solutions the higher order terms in the field equations dissapear due to 
the special form of the plane wave metrics. Lewi-Civita-Bertotti-Robinson 
spacetimes in four dimensions is also an exact solution of the string theory 
In this solution the higher order terms do not dissapear but give 
some algebraic constraints among the constants of solutions [pT|. 

To construct exact solutions in this approach one must first study the low 
energy limit of the string theory with some symmtery assumptions like the 
spherical symmetry. Among these solutions one searches for those satisfying 
the field equations at all orders. Hence we need a classification of the solutions 
under a symmetry of the low energy limit of the string theory. In this work 
,instead of working directly with the low energy limit of the string theory 
we consider the Einstein Maxwell Dilaton field theory with arbitrary dilaton 
coupling constant a. For some fixed values of a this theory reduces to the 
low energy limit of the string theory and Kaluza Klein type of theories. 

With the assumption of a symmetry , static spherical symmetry for in- 
stance , some of the solutions may describe black hole space times. Nonrotat- 
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ing black hole solutions of this theory , in spherically symmetric spacetimes 



, found so far [^-pOl carry mass M , electric charge (or magnetic charge) 
Q and a scalar charge S. Out of these parameters only two of them are 
independent . In 4-dimensions we have the Garfinkle-Horowitz-Strominger 
(GHS) solution [|l^]. Gibbons and Maeda (GM) have given black hole so- 
lutions in arbitrary /^-dimensions. In four dimensions GM solution describes 
the region r > ri of the GHS metric. In this work we find and classify the 
solutions of the dilatonic Einstein-Maxwell (and hence of the low energy limit 
of the string theory) for static and spherically symmetric space-times. 

Recently the most general asymptotically flat spherically symmetric 
static solution of the low energy limit of string theory in four dimensions 
has been found. The uniqueness of the GHS-GM black hole solutions in four 
dimensional static spherically spacetimes is manifest in this work. Following 
this work we find the most general D dimensional spherically symmetric 
static solution of the Einstein Maxwell Dilaton field theory. 

The uniquenes of these black hole solutions with the assumed symmetry 
{D dimensional spherical symmetry) is understood , becouse the solutions 
of the field equations are completely classified. On the other hand without 
solving the filed equations it is desirable to know the existance of other black 
hole solutions under relaxed symmetries. Here we show that GHS-GM metric 
in four dimensions is the unique asymptotically fiat static axially symmetric 
black hole solution of the Einstein Maxwell Dilaton filed theory. 

In this work we assume D dimensional static spherically symmetric space- 
times. We first write , in section 2 ,the geometrical quantitites like riemann 
and ricci tensors in terms of the volume form of the sphere 5^"^ or in terms 



of its dual form. With such a representation it is relatively easier to work 
with the higher order curvature terms. In the third section we classify the 
static spherically symmetric solutions of the Einstein Maxwell Dilaton field 
equations. In the fourth section we prove that the GHS+GM metrics are the 
unique static axially symmetric black holes of the Einstein Maxwell Dilaton 
field theory. In the last section we give some theorems for the D dimesional 
static spherically symmetric spacetimes which are crucial to find the exact 
solutions of the string theory . In this section we give some possible exact 
solutions of string theory in D-dimensions. 



2 Static Spherically Symmetric Riemannian 
Geometry 



The line element of a static and spherically symmetric spacetime is given by: 



where A,B,C depend only on r. rfQ|)_2 is the line element on Sd-2- The 
metric can be rewritten as gij — —AHitj + B^kikj + C^hij, where ti — 5^, 
ki — 51, hij ^metric on D-2 sphere for i, j > 2, hoi — hu — 
Components of the christoffel symbol are given by 



^ jm — -A-/^ t (j^jk^n ~\~ ^mkj^ ~\~ AA k ijira ~t~ B 13 k kjk^n CC k hj' 



ds 



'^^-A'^df + BV + C^dnf- 



'D-2 



(1) 



+CC' {hjkjn + Kn^j) + ^ls)j' 



•m 



(2) 
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where T(^s) is the christoffel symbol on D — 2 sphere 
The Riemann tensor is given by 



-^jml jl,'m jm,l nm jl nl jm V"-*/ 

We find that 



/ AA'B'X ( CC'B'\ 

Rijml = {AA" — j t[ikj]t[mkl]+ ice" — j klihj][mkl] 



A A'Cr' p2pfi 

H Hrahv\\jti^^ -^^hi]^mhl\j ^ C R(s)ijml (4j 

where R(s)ijmi = hi[mhi]j are the components of the Riemann tensor on Sd-2- 
Riemann tensor in (^) may be rewritten as 

Rijml — QjlSim ~ 9jmSil + gimSjl — QilSmj + V2Hijk---nH^i (5) 

where 

Sij = r]oMij + rjikikj + ]-r]3gij (6) 



which turns out to be 

= %(D^ih^^ - -^^Sn) (8) 
Here the tensor -ffj,...fc is the volume form of S'£)_2, i.e. 
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Hij...k = -Vheij...k (9) 



where h denotes dethij 



Here the scalars rji are given by 



_ C^(^~^) / A" _ AB^ _ B'C' \ 



A'C C" B'C 



^ C2{D^3) / ^/^/^ ^//^2 A'B'C^ CC" B'C'C\ 

^'^ ~ (D-4)! 1^^ " + ^45^ ~ ~AB^ ^ AB^ ^ W~ ) 

(12) 



m - (13) 

The Ricci tensor, Ricci scalar and Einstein tensor can be computed from 
Riemann as follows: 



Rij 



2C^iD% i'lo{D - 4) + rj2) + -^vi + VsiD - 1) 
+rji{D - 2)kikj + [rjo{D - 2) + ri2\Mij 



9ij 



(14) 



R = 



+mD{D - 1) 



B^ 



(15) 



5 



2C2iD% (VoiD -A){D-2) + V2iD - 3)) + ^v^{D - 2) 



+-^,{D - 1){D - 2) 
+ [r]oiD - 2) + 7]2]Mi, 



Qij + r]i{D - 2)kikj 



(16) 



The covariant derivatives of Hij ^^ and ki are given as 



^lHij,„m = -p[iD - 2)Hij,„rnkl + kiHij,„rn + kjHu^ra + ••• + k^Hij,„i] (17) 



Vj/Cj = piQij + p2Mij + p^ikikj 



(18) 



where 



C 

P = c 



pi 



A'C + AC 
2AB^C 



P2 



P3 



{ABY 



(19) 



{D-3)\ AB^C AB 

In (^ we have given the Riemann tensor of a static, spherically symmetric 
spacetime in terms of the volume form of S£,^2 (D-2)-brane field. We may 
also write the Riemann tensor in the form 



■^ijml 9jl^im 9jmSil ~\~ QimSjl QilSmj ~l~ ^2FijFml 



(20) 



where 



- —( 



(21) 
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Other tensors are defined similar to the previous case, i.e. 



Sij = Co Mij + ei kikj + ^63 gij (22) 



M,J^F,r.JFr-\F'g^J (23) 



M^J = ^{h,,-^g,,) (24) 



The scalars are given as 



^2 C''C^ C^C'A' 

'° - ^ ""b^ + ^Te^ 

ei - 771 (25) 
^2 / C A'C'C A"C'^ A'B'C^ CC" B'C'C\ 



52 52 S3 



63 = m 



Notice that when D — A, Mij — M^j, and 62 = —772- 

The covariant derivatives of Fjj, /cj and are given as 



3C" AC" 
"^iFij = --^Fijki - -^^{tjOii - Ugji) (26) 



Vi/Cj- = PiQij + p2Mij- + Ps/i^i/i^i (27) 



"^itj^ ^(tikj + tjh) (28) 



where p2 = ffg-i) P2 
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3 Solutions of the Einstein Maxwell Dilaton 
Field Equations 

The field equations of the Einstein Maxwell Dilaton theory can be obtained 
from the following lagrangian 



The field equations are 



— 1 (^SY - - e-^-'^F^ 



(29) 



{D-2) 



(30) 



Vi{e-'^^^F'^) = 0, 



(31) 



(32) 



where Eij is the Maxwell and is the dilaton field. Here i.j = 1,2, D > 4. 
In static spherically symmetric spacetimes, gravitational field equations first 
lead to 



rjo{D - 4)(L> - 2)! ^ r]2{D - 3){D - 3)1 ^ VijD - 2) ^ r],{D - 1){D - 2) 



2C2(D-2) 

{D-2)B^ 



2C2(D-2) 



(33) 
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(34) 



rio{D - 2)\ + ri2{D - 3)\ 



Dilaton equation is 



(35) 



D-2 



B ^ 



From (R3) and (|3^) we obtain 



tte ^ 5 ^2 Q2 



(36) 



AC^) C 



B 



(fABC 



■d-i 



(37) 



where d = D — ?>. Using the freedom in choosing the r coordinate we can let 



ABC^-^ =r'^-\ (38) 
Using ( p7D and (|38| ) we obtain 

^2 ^2d _ ^2d _ ^rf + 5^ (39) 

where hi and 62 are integration constants. 

A combination of the dilaton ( pT] ) and gravitational field equations (pO|) 
give 

ciT2-^r + r' + ^^0- = o, (40) 

where T is defined as 
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Here Ci is an integration constant Defining now a new function V'(p) as follows 
the equation ( ^0]) becomes 
The constants are given by 



(d+l)2a 



2 ^,2 

e 



32 (i 

/X = -(ci + 61) (44) 



z/2 = a/i^ - A(a + 1) 
Now, if we solve the auxiliary equation 



and insert p above in Eq. (|43|) , we obtain 



p (45) 



= + /i)^ + ^^ (46) 

Note that p depends on the sign of A = 6^ — 62- Hence can be found from 

^ by 
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a. 



P 



dp + (f)o 



(47) 



Where ki = and 0o is an arbitrary constant. The metric function C i 



IS 



connected to 4> as 



160' 



This gives us 



ln( 



'Co' 



U + bi + Ci \ Oe 

— du ( 

m2 - A / 2a 



(48) 



(49) 



Where u = r'^ — bi and cq is an arbitrary integration constant. 

Metric functions A and B can be found from C through the equations 

and (^) 

We have three different cases according to the sign of A. 



Case 1 A > In p(r) 
Case 2 A = In p(r) 
Cases A<0 In p(r) 



1 ^^fr'^-rf 



1 



(50) 



arctan 



' r'^ — bi 



Where rf = bi + VA, = bi - VA, rf = bi. 

The integration constants Cq and (pQ are determined by taking the asymptotic 
behaviour of the functions C{r) and 0(r) to be 



hm 







(51) 
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lim ^ = Co = 1 (52) 

To determine the remaining integration constants, we restrict the asymptotic 
behaviour of the metric, scalar field and the tensor field Fij as follows: 



lim r'^ (A^ - 11 

r— >oo 



2^2 M 



Ad+i {d + 1) 



hmr'^+V = -^y^^j: (53) 



r— >oo 



lim r^+^ R 



Q 



tr 



Ad+1 

where M , S , and Q are the mass , dilaton and electric charges respectively 



[|T^ . From the definition of these constants it is clear that we are interested 
in the asymptotically fiat solutions of the Einstein Maxwell Dilaton field 
equations 
CASE 1 



A > (54) 

Which means there are two roots to the equation (^91). According to the sign 
of we have three distinct solutions 
Type 1 



< X^ = -u^ 

X- 12 + C2(A + /i)p2^ 



C2P 



2A 
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The metric functions become 



^rfd _ ^d^^^d _ ^d^ ^ 



Q2d 



^.2d-2 q2 



(r — To 



\ fr3 



(55) 

(56) 
(57) 



Dilaton field is given as 



The constants are given by 



:i - C2) p^-^ 

1 - C2 p"^^ 



(58) 



1 



rf — r2) (z/ + ap) 



a + 1 



(59) 



2 (a + 1) 

Undetermined integration constants are ri, r2, Ci and C2- From the boundary 
condition (|S3|) we find that 



2M : 

Q ^ 

The constants Cj are given by 



1 +C2 

1-C2 
1 + C2 
1 



X + a p 
A 



ei 



A 



C2 



/i 



62 



1-C2 



(60) 



ei 



2A,+i (d+1) 
(a + 1)^2 
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es = 



{d+l)d 



K ^ (a + 1) 

Note that, we have four integration constants (ci, C2, rf and but there 
exists only three equations to determine them. Also note that ci does not 
appear in the solution directly, so we have a freedom in ci. ( C2 7^ 1) In order 
to complete the solution, we need to determine the integration constants in 
terms of the physical parameters M, S and Q. Let us define some auxiliary 
variables to solve the set of algebraic equations ( pDD 



1 ,aE 2M, 1 ,2M 



1 62 ei a+1 ei 62' 



^3 = ^/l-^ (62) 



Then the integration constants are 



Also 



A = T3T1 

/i = T2 (63) 



A = 'Jl±^ (64) 
a + 1 ^ ^ 



The reality of T3 imposes 
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M + gT.>s\Q\ (65) 

where g and s are given by 



ae{d+lfl^ 1 (ci+l)(a + l) 

Such an inequahty has been found by Gibbons and Wells for D=4. 
When A > we have two roots to the equation (|39D . In general these roots 
are the singular points of the space-time. If the integration constants satisfy 
some additional constraints one of these roots becomes regular. An invariant 
of the space-time is the scalar curvature is given by 



R = A, ■ ^ ^ + + A- ' 



Z2+2 



(67) 



where 



2 



Z2 



d{a + l) 



8 kid"" 



A, 



{D - 4) 



2 {D-2) 

As r ^ ri we have a singularity unless we choose fi = X. This choice, by the 
utility of eqn (|4^) , gives n = X = -hp^. Inserting this in equation (^), we 
find that as r ri, 
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(69) 



where Ai and A2 are constants , so the horizon is regular. The choice /x = A 
gives T2 = T1T3 by equaton (|63D, which means 



Op 



2k 8(a-l) ^ 



The connection between physical parameters and integration constants is 



(70) 



2M = ±^C-±^ + a)e, 
2 V 1 — C2 / 



(72) 



2 1 - C2 



The metric is 



^ _[r r^^g r^J 2 ^ ^ ^^^2 ^ ^2^^2^ ^73) 

where 



fc2 



^=('•^-'•^(1 + ^%) (74) 



1^ f/ 



(75) 
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and -"^^ = T2. 



If we choose the integration constant r2 as zero, these black hole metrics 



are identical with the metrics given by Gibbons and Maeda |T7 



Although the extreme limit (A = 0) in genereal is going to be studied in Case 
II we obtain the extreme case of the above solution by setting C2 = {r2/riY 
and r2 = ri. Then we obtain 



2M 
S 
2Q 



(77) 



(78) 



Type 2 



> 



ip = z/ tan(c2 + z/lnp) — /i (79) 



P 

After similar steps as the previous type, we arrive at the solution 



/ih(p) 
dp = — In [cos(c2 + ulnp)] — /i In p + C3 (80) 
P 
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cos(c2 + z/ Inp) 



COSC2 



fc2 



Scalar field is given as 



COS C2 



cos(c2 + z^lnp) 
Physical parameters are found using ( p3D 



(81) 
(82) 



(83) 



2M 



(ap + z/tanc2) ei 
(-p + z/tanc2) 62 

V 



C0SC2 



(84) 



p 

sin C2 
z/ tan C2 

The condition | sin C2 1 < 1 imposes 



T2 



(85) 



M + ^S<s|g| (86) 
Where g and s are defined in (^6[). We also have to check the sign of A. 
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(a + l)A 



1 .aT? AM\ g2 



+ 



p2 



^3 



a + 1 62 

Here the sign of A puts a constraint on the physical variables. 
Type 3 



= 



1 



In p + C2 



f ip(p) 

/ dp = - ln(ln p + C2) - p In p + C3 

J p 



C2 



p^'(c2 + Inp) 



ki 



C 



._,c^+wv%... ...... 



V C2 / 

Physical parameters are found using 



2M 
E 



(ap ) Ci 

(-P )e2 

2C2 



The solution is 
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C2 



which gives 

— -fl 

63 

This is the equahty case of the inequahty (|65|) 
CASE 2 

A = 

Then there is one root to the equation (pQl). Denote it by 



A' 



cos(c2 + In p) 



COSIC2 



Scalar field is given as 



cos C2 



p^ cos(c2 + z/ Inp) 
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CASE 3 



A < 



This case is similar to the previous one. 



cos C2 



cos(c2 + vlnp) 



ki 



(101) 



(102) 



^2d 



26ir^ + 62) 



"Id 



C2d 

2hir'^ + 62)^ P'^ 



fj2 



„2d 



cos(c2 + vlnp) 



26ir^ + 62) 

k2 



(103) 
(104) 



COS(^C2j 

In cases 2 and 3, the relation of physical parameters to integration constants 
are exactly the same as case 1 type 2. In addition we have the equation (^) 
with the sign of A chosen according to the case. 

It is perhaps noticed that we solve field equations exactly without assum- 
ing any special ansatz Q . In that respect we have all the possible integration 
constants in the solutions , hence we have the following assertion: In D- 
dimensions the metric given in (|7^) and (j7^) is the only asymptotically flat 
metric corresponding to a spherically symmetric static black hole carrying 
mass M , dilaton charge S and electric charge Q and covered by a regular 
horizon. In D-dimensions the Gibbons-Maeda metric is diffeomorphic to the 
region r > ri where ri is the location of the outer horizon. Relaxing the 

condition of asymptotical flatness there is a possibility having a black hole 
^After this work was completed we became aware of a recent paper ||2^ , which similarly 
solves the field equations (^-(|32|) without any special ansatz, but in completely different 
to those used here 
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(with a regular horizon and singularity located at the origin) solution of the 
Einstein Maxwell Dilaton field equations p4 



Expressing the boundary conditions of the black hole solution (0) (the 
behaviour of the metric as r approaches to the outer horizon ri and to infin- 
ity) as the black hole boundary conditions in static axially symmetric four 
dimensions one can prove that GHS or Gibbons-Maeda solution describes also 
the unique asymptotically fiat static black hole solution in Einstein Maxwell 
Dilaton Gravity. In the next section we give the proof of this statement. 



4 Uniqueness of Black Hole Soltions 

In this section we are interested in the black hole solutions of the Einstein 
Maxwell Dilaton theory in the static axially symmteric spacetimes in four 
dimensions. Using a different approach the uniqueness of static charged dila- 
ton black hole (GHS+GM black hole) has been recently shown in ref. [^. In 
this proof the dilaton coupling constant was taken fixed (a = 2) which corre- 
sponds to the low energy limit of the string theory. Here we shall show that 
the static black holes of the Einstein Maxwell Dilaton theory are unique for 
arbitrary values of the dilaton coupling constant a. We are not going to solve 
the corresponding field equations but first formulate these field equations as 
a sigma model in two dimensions and use this formulation in the proof of the 
uniqueness of the solutions under the same boundary condtions. Uniqueness 
of the stationary black hole solutions of the Einstein theory is now a very well 
established concept |^-|^. This proof is based on the sigma model formu- 
lation of the stationary axially symmteric Einstein Maxwell field equations 
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Here we shall follow the approach given by and 
The line element of a static axially symmetric four dimensional spacetime 
is given by 



ds^ = e^^ [e^^ {dp^ + dz") + #2 ] - e-''^ dt\ (105) 

The field equations of the Einstein Maxwell Dilaton field theory with the 
above metric and = (A, 0, 0, 0) are 



V2^ + :^^e2'^-"'^(VA)2 = (106) 



V'0-a^e''^-"'^(VA)2 = O (107) 
8 



VM + V(2V^-a0)VA = O (108) 



^ 7,, = 2 V'.p V-,. + 4 0p 0,. - '/'-'^ <^ A, A,, (109) 



2 



^ 7,p = 2 - 2 ^,1 + 4 0^, - 4 0;; - e^'^"'^* (A;;, - yl;^) (110) 
\ei E = il) — ^(j) and -B = ^ A we then find 

V2e+ e2^(V5)2 = (111) 

V2 5 + 2VEV5 = (112) 
23 



where 



a2 



k' = kW1 + — (113) 



We wish to write the Eqs. (|lll| , |112|) as a single complex equation by intro- 



ducing a complex potential. In order to achieve this we introduce pseudopo- 
tential uj by use of ( |1 1 2[ ) 

Up = pe'^''B-, , uj, = -pe-^^Bp (114) 

then the resulting equations can be written as the following single complex 
equation (the Ernst equation) for e = p e"^ + iuj 

Re{e)V^e = V eV e (115) 



Hence the above complex equation reperesents the Eqs.( |lll| ) and ( |112| ) if we 



lei e = pe^ + iuj. The above Ernst equation ( |115| ) defines a sigma model on 
SU{2)/U{1) with the equation of motion 

V (P~i VP) = (116) 

where 




In the sequel we assume enough differentiability for the components of 
the matrix P in U dV . Here is a region in M with boundary dV . In 
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our case V is the region r > (see section 2 type I solutions) and hence dV 
has two disconnected components. 

We also assume that P is positive definite. Let Pi and P2 be two different 
solutions of ( |116| ). The difference of their equations satisfy 



V[Pi\VQ)P2) =0. (118) 

where Q = Pi P2^. Multiplying the both sides by (hermitian conjugation) 
and taking the trace we obtain 



tr(gtp-i(vg)P2 



tr 



(vgt)pr'(vg)P2 



;ii9) 



The left hand side of the above equation can be simplified further and we 
obtain 



V\ = tr\{yQ^)P{\VQ)P2 



(120) 



n where q = tr{Q). Using the hermiticity and positive definiteness prop- 
erties of the matrices Pi and P2 we may let 



P^ = AA], (2 = 1,2) 



where Ai and A2 are nonsingular n x n matrices given by 



:i21) 



A,, 



y/pe 2 y -Bi pe 
With the aid of (|12| ) Eq. ([T20|) reduces to 



(122) 
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where 



g = tr{J^ J) 



(123) 



J = A:[\VQ)A2 (124) 

Eg .( 11231 ) is a crucial step towards the proof of the uniqueness theorems. 
It is clear that the right hand side is positive definite at all point of V . Before 
going on let us give the scalar function q. 

g = 2 + -.^^ (e^^ - e-^f + {B, - B^f] (125) 

It is clear that q = 2 and its first derivatives vanish on the boundary dV of 
V. 

Let M be an 2 dimensional manifold with local coordinates (p, z) . Let V 
be a region in M with boundary dV. Let P be a hermitian positive definite 
2x2 matrix with unit determinant and let Pi and P2 be two such matrices 
satisfying (|116|) in V with the same boundary conditions on dV then we have 



Pi = P2 at all points in region V . The proof is as follows. Integrating ( |123| ) 
in V we obtain 

/ Vqda= I tr(J^J)dV (126) 
Jdv Jv 

and using the boundary condition g = 2 on dV we get 

/ tr(fj)dV = (127) 
Jv 
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Then the integrand in ( |127] ) vanishes at all points in V. This implies the 
vanishing of J which implies that Q = Qo = a. constant matrix in V. Since 
Q is the identity matrix / on dV then Q = I in V. Hence Pi = P2 at all 
points in V. Another way to obtain this result is to use ( |123[ ) directly. The 



vanishing of the integrand in (|127|) implies that q is an harmonic function in 
V. Since g = 2 on the boundary dV of V then it must be equal to the same 
constant in V as well. This implies that Pi = P2 in V. 

In four dimensions the Einstein Maxwell Dilaton field theory a static black 
hole should carry mass M , electric charge Q and dilaton charge S. Such 
a black hole solution exist which was found by Gibbons and Maeda for an 
arbitrary dilaton coupling parameter a. Here the above proof implies that all 
those solutions with the same black hole boundary conditions (asymptotically 
flat and regular horizons) as the GM solution are the same everywhere in 
spacetime. 



5 Exact Solutions of String Theory 

In this section we introduce some theorems for static spherically symmetric 
D dimesional spacetimes which will be utilized to obtain exact solutions of 
string theory. This section is a natural extension of the work in ref.([^) to 
an arbitrary dimensions. We shall not give the proofs of the theorems. The 
necessary tools for the proofs are given in the second section. 

The covariant derivatives of Hij...k and ki given in (|l^ and ([ISD are ex- 
pressed only in terms of themselves and the metric tensor. Hence we have 
the following theorem: 
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Theorem 1 Covariant derivatives of the Riemann tensor Rijki, the ten- 
sor Hij...k and the vector ki at any order are expressible only in terms of 

Since contraction of A;' with Hij...k vanishes, the only symmetric tensors 
constructablc out of Hij...^ , Qij and are Mjj, the metric tensor g^j and kikj. 
Then the foUowing theorem holds: 

Theorem 2 Any second rank symmetric tensor constructed out of the 
Riemann tensor, anti- symmetric tensor Hij...k, dilaton field (p — (l){r) and 
their covariant derivatives is a linear combination of Mij , gij and kikj. 

Let this symmetric tensor be E'-. Then we have 

E[j = aiMij + a2gij + a^hkj ( 128) 

where (Ji, (72 and are scalars which are functions of the metric functions, 
invariants constructed out of the curvature tensor Rijku Hij...^ and the dilaton 
field 0(r) and their covariant derivatives. 

Theorem 3 Any vector constructed out of the Riemannian tensor Rijki, Hij__ k 
the dilaton field = (/)(r) and their covariant derivatives is proportional to 

ki ■ 

Let this vector be E'^. Hence 

El = aki (129) 
where cr is a scalar like cxi, (T2, (73. 

The covariant derivatives of Fij, ki and ti are expressed in terms of them- 
selves, metric tensor. So we have a similar theorem: 

Theorem 4 Covariant derivatives of the Riemann tensor Rijki, the anti- 
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symmetric tensor Fij, the vectors ki and ti at any order are expressible only 
in terms of F^j, k^, ti and Qij. 

As an example to an exact solution of the low energy limit of the string 
theory in D-dimensions with constant dilaton field, we propose the LCBR 
(Levi-Civita Bertotti-Robinson) metric which is given by 

gij = -p^ {-titj + clkikj - r'^hij) (130) 

where hij is the metric on Sd-2, ti = 6j , ki = 6^ , q and cq are constants. 
Then the antisymmteric tesor Fij defined in (^) becomes 



F,, = ^{t^kj - tjh) (131) 



M,, = Fm,Fr-\F'g,, (132) 



ei = 63 = ^ Sij = CoMij, 60 = q 



„2/^2 _ ^\ 

Rijki = [g.Mk - g.kMu + gikM^i - guMkj] + -F.^Fmi (133) 

Co 



R,, = q'[{D - 3) + \]M,, + ^[{D - 3) - \]g,, (134) 

Cq Zq Cq 

G,, = q\D - 3) + ^]M;- + -^[^ -{D- ?,f]g,^ (135) 

Cq Zq Cq 

It is easily seen that 



ViFij = , VmRijki = (136) 
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Here the origin of the antisymmteric tensor Fij is geometrical. It is the 
volume form of the two dimensional part ds'^ = —A? dt^ + dr"^ of the D- 
dimesional spacetime line element (p. We can define the electromagnetic 
tensor field , F^- , simply as Ff- = Q F^. Here Q is a constant (in asymptot- 
ically fiat cases Q plays the role of electric charge). Eq.( |135| ) becomes 

G.- = ^ [(^ - 3) + k + -{D- 3)2],., (137) 

where Mfj (= Mij) is the energy momentum tensor of the electromagnetic 
field tensor Ffj. 

In D dimensions LCBR metric is the solution of the Einstein Maxwell 
equations with a cosmological constant. This constant vanishes when {D — 
3) = ^. In this case spacetime is conformally flat only when D = A. For 
this metric, the field equations of a most general lagrangian (for instance, 
the lagrangian of the low energy limit of the string theory at all orders in 
string tension parameter) yields 



Eij = (T2gij + (TiMij = Gij, (138) 
Ei = aki, (139) 
E = a', (140) 

where ai, a2, cr and a' are constants. This means that, Einstein's equations 
reduce to algebraic equations. The lagrangian of the most general theory is 
a scalar containing the curvature tensor , metric tensor , matter fields and 
their derivatives , contractions and multiple products of all orders. According 
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to the theorem 2 given above all second rank symmetric tensors constructed 
out of these are expressible in terms of Qij , Mij , and kikj . So whatever 
the theory is we have three equations (under our assumptions all the terms 
containing fcj drop out) for five constants. Two constants (cq, q) come from 
the definition of the D-dimensional LCBR metric ( |130| ). One constant Q 
comes from the definition of the electromagnetic field tensor F^j. The other 
two constants are the constant dilaton field 0o and the cosmological constant 
A. In some cases A is set to zero. In these cases as well, the number of 
equations are less the number of unknown constants. In the general case , 
under our assumptions the field equations reduce to the following algebraic 
equations for q, cq, Q, 0o , and A 



^{D-3 + \) = a^iq, Cq, Q, 0o, A) (141) 



^ '-(Z}-3)2 + i-) = a4(g,co,Q,0o,A) (142) 



2g2 ^ ^ ^ ci 

= a(g,co,Q,0o,A) (143) 

= a'(g,Co,Q,0o,A) (144) 
where ai, o"2, a and a' are defined in (|138|) -( p!40| ). Choosing (= 0o) and the 



metric function C (= cq as constants the function cr given above equations 
vanishes identically. Hence we are left with three algebraic equations for 
q, Co, Q, 00 ; and A. These algebraic equations may or may not have solutions. 
For intance when we consider the Lovelock theory without a cosmological 
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contant these equations have solutions when D = A and D > Q. With a 
cosmological constant these algebraic equations have solutions for D > 4. In 
the case of the string theory LCBR metric is a solution of the low energy 
limit of the string theory. LCBR spacetime in four dimensions is also known 
to be an exact solution of the string theory , [^. Here we have the 
generalization of this result for an arbitrary value of -D > 2. If there exists a 
solution of the above mentioned algebraic equations then 

Theorem 5 LCBR metric is an exact solution of the string theory at all 
orders 

As in the case of the LCBR spacetime the symmteric spaces , Vj Rjkim = 
and reccurrent spaces , Vj Rjkim = h Rjkim where k is a (gradient) vector , 
play effective role in constructing exact solutions of the string theory. These 
spaces are in general product spaces [Q. In the case of static spherically 



symmetric spacetimes the only possibility to have such spaces is to choose 
C = Co- Then D dimensional spacetime becomes M2 x S^^"^ , where M2 is a 
two dimesional geometry with metric ds"^ = —A? dt^ + B^ dr"^. 
If we take C = Cq in the metric (JlD, then 



c?^-^) 1 (A" 



(L)-3)! AB\Bj 
?]i = (145) 

?72 = i-{D- 3)r]o 
V3 = 



2{D-3) 



where ^ = 
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R = ^7753^ [-2r^o + P - 2)e] (146) 



2cr 


-2) L 

3)! , 


2{D- 


-2) i 


Co 




-3)! 



= - \ 2(D^2) [-^0 + (/^ - 3)e] ^i, + [r/0 + e] M,, 
2cq 



A' g2(D-2) ^, fylfiV 

If we let rjQ to be constant, then we have to solve the equation (^^^ = a. 
The solution is 



A/2 

where a and /? are constants. Hence the metric ([|) can be written as 



ds' = -A^e + + dnl_, (149) 

The case /? = is identical with the LCBR metric. As in the case of the 
LCBR metric the metric constants a , Cq and the magnetic charge satisfy 
three coupled (due to the theorems given before) algebraic equations. If 
these algebraic equations have solutions then the metric given above with 
nonvanishing a and /3 is a candidate as an exact solution of the string theory. 

Above we have given the Riemann tensor in terms of the volume form of 
Sd-2 (D-2)-brane field. We may also write the Riemann tensor in the form 
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Rijml QjlSim QjmSu ~\~ QimSjl (JilSfyij ~\~ G2Fij Fml 

In this case 



where C = ^ {§)' 



eo = Co 

ei = (151) 

62 = -Co + CoC 

63 = 



D — ^ — r 

Rij = gij + (D - 3 + QclMij 

R = (152) 

Co 

ZCq 

(153) 



The solution given in (|148|) is not vahd when A is set to a constant. In such 
a case 5 can be choosen as unity. Therefore letting A = B = 1 and C = cq. 
We find that cq = —62 = Cg and 
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= 



V;Fij — , VmRijkl — 



(155) 



Vikj = , Vitj = 



(156) 



(157) 







(158) 




(159) 



(160) 



Since the metric contains only one arbitrary constant Cq it may not be possible 
to eliminate the coefficient of gij (the cosmological constant) in the field 
equations. Hence the metric given by 



is a canditate as an exact solution of the string equations with a cosmological 
constant. 

6 Conclusion 

We have found all possible asymptotically flat solutions of Einstein Maxwell 
Dilaton field theory in D dimensional static spherically symmetric spacetimes 
with arbitrary dilaton coupling constant. We proved that the asymptotically 



ds^ ^ -dt'^ + dr^ + cldnl 



'D-2 



(161) 
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flat black hole solutions carrying mass M , electric charge Q and dilaton 
charge S in four dimensions are unique not only in static spherically symm- 
teric spacetimes but also in static axially symmetric spacetimes. This proof 
may be extended to arbitrary dimensions and also to spacetimes which are 
not asymptotically fiat ||2^. We searched for all possible static spherically 
spacetimes which may solve the string equations exactly (to all orders in 
string tension parameter). 

This work is partially supported by the Scientific and Technical Research 
Council of Turkey (TUBITAK) and Turkish Academy of Sciences (TUBA). 
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References 

[1] A. A. Tseytlin , Exact string solutions and duality , To appear in: Pro- 
ceedings of the 2nd Journe'e Cosmologie, Observatoire de Paris , June 
2-4 ,1994 (World Scientific, Singapore) Imperial/TP/93-94/46 , [hep^ 
th/9407099| 

[2] R. Giiven , Phys. Lett. B191 , 275 (1987). 

[3] D. Amati and C. Klimcik , Phys. Lett. B219 , 443 (1989). 

[4] G. Horowitz and A. Steif , Phys. Rev. Lett. 64 , 260 (1990). 

[5] G. Horowitz and A. A. Tseytlin , Phys. Rev. Lett. 73 , 3351 (1994). 



36 



[6] A. A. Tseytlin , Black holes and Exact Solutions in String Theory , to 
appear in the proceedings of International School of Astrophysics 
"D. Chalonge" , 3rd course: Current Topics in Astrofunda- 
mental Physics , 4-16 September 1994 , Erice , ed. N. Sanchez (World 
Scientific , Singapore). 

[7] T. Witten and Nappi , Phys. Rev. Lett. 71 , 3751 (1993). 

[8] D. Lowe and A. Strominger , Phys. Rev. Lett. 73 , 1468 (1994) 

[9] R. Kallosh and T. Ortin , Phys.Rev.D50 R7123 (1994). 

[10] G. Horowitz and A. A. Tseytlin , Phys.Rev D51 , 2896 (1995). 

[11] Barton Zwiebach, Phys. Lett. 156B (1985) 315. 

[12] David G. Boulware and S. Deser, Phys. Rev. Lett. 55 (1985) 2656. 

[13] Bruno Zumino, Phys. Reports 137 (1986) 109. 

[14] D. L. Wiltshire, Phys. Lett. 168B (1986) 36. 

[15] James T. Wheeler, Nucl. Phys. B273 (1986) 732. 

[16] Brian Whitt, Phys. Rev. D38 (1988) 3000. 

[17] G.W. Gibbons and K. Maeda , Nucl.Phys.B298, (1988) 741. 

[18] D. Garfinkle , G.T. Horowitz and A. Strominger , Phys.Rev.D 43 , 
(1991) 3140. 

[19] M.J. Duff and J.X. Lu , Nuclear Physics B416 , 301 (1994) 

37 



[20] M.J. Duff, R.R. Khuri and J.X. Lu , String Solitons , preprint , NI- 
94-017, CTP/TAMU-67/92 , McGill/94-53 , CERN-TH. 7542/94. |hi^ 
th/9412T84l . 



[21] M. Giirses , Phys.Rev.D 46 (1992) 2522. 



[22 
[23 
[24 



[25 

[26; 
[27 
[28 

[29 

[30 
[31 



M. Rakhmanov , Phys. Rev. D50 5155 (1994). 

S. J. Poletti and D.L. Wiltshire , Phys. Rev. D50 7260 (1994). 

Kevin CK. Chan , James H. Horne , and Robert Mann , Charged Dilaton 
Black Holes with Unusal Asymptotics , preprint , DAMTP/P-95/7 , 
WATPHYS TH-95/02 (|gr-qc/9502042|) . 

G.W. Gibbons and C.G. Wells , Anti-Gravity Bounds and the Ricci 
Tensor (DAMTP preprint R93/25) , ( fer-qc/931000^ ) 

D. Lovelock , J. Math. Phys. 12, 498 (1971) ; 13, 874 (1972). 

A. K. M. Masood-ul-Alam , Class. Quantum Grav. 10 2649 (1993). 

G. Bunting , The Black Hole Uniqueness Theorem , in Proc. of the 
and Australian Mathematics Convention , Sydney ,(1981). 

G. Bunting , Proof of the Uniqueness Conjecture for Black Holes , Ph.D. 
Thesis , University of New England , Armidale ,N.S.W. (1983). 

P.O. Mazur , J.Phys. A15 , 3173 (1982). 

P.O. Mazur , Acta. Phys. Pol. B14 , 219 (1983). 



38 



[32] B. Carter , Commun. Math. Phys. 99 , 563 (1985). 

[33] P. Breitenlohner , D. Maison and G. Gibbons , Commun. Math. Phys. 
120 295 (1988). 

[34] M. Giirses , Letters in Mathematical Physics , 16 265 (1992). 
[35] M. Giirses and B. Xanthopoulos , Phys.Rev.26D , 1912 (1982). 
[36] M. Giirses , Phys.Rev. SOD ,486 (1984). 

[37] A. Eri§ , M. Giirses and A. Karasu , J. Math. Phys. 25 , 1489 (1984). 

[38] H.S.Ruse , A.G.Walker and T.J.Willmore , Harmonic Spaces , Consigho 
Nazionale Delle Richerche Monografie Matematiche No. 8, (Edizioni Cre- 
monese Roma ). 



39 



